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What is algebraic geometry?

(Natural) Philosophy is written in this grand book, the 
universe, which stands continually open to our gaze. But the 
book cannot be understood unless one first learns to 
comprehend the language and read the letters in which it is 
composed. It is written in the language of mathematics, and 
its characters are triangles, circles, and other geometric 
figures without which it is humanly impossible to understand 
a single word of it; without these, one wanders about in a 
dark labyrinth.
                    -Galileo Galilei, in The Assayer, 1623

To those who do not know mathematics it is difficult 
to get across a real feeling as to the beauty, the 
deepest beauty of nature ... If you want to learn about 
nature, to appreciate nature, it is necessary to 
understand the language that she speaks in.
          - Feynman, the character of physical law (1965)

→



What is algebraic geometry?

 before linear algebra

after learning linear algebra

→



What is algebraic geometry?

Algebraic geometry “seems to have acquired the 
reputation of being esoteric, exclusive, and very abstract, 
with adherents who are secretly plotting to take over all 
the rest of mathematics! In one respect this last point is 
accurate …” 
        - David Mumford

before learning algebraic geometry after learning algebraic geometry

→



What is algebraic geometry?

geometry

High school 
geometry problem

→
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What is algebraic geometry?

geometry algebra

Cartesian coordinates

High school 
geometry problem

→
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What is algebraic geometry?

polynomials  integers

both have “unique factorization”

Picture:  “smooth curves, no topology”

strangely similar
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What is algebraic geometry?

Find integer solutions to a + b = c

Find rational solutions to x + y = 1

2 2 2

2 2

Pythagoras
“Plimpton 322”

(Babylonian clay tablet, 
~ 1800 BCE)

→
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What is algebraic geometry?

Find integer solutions to a + b = c

Find rational solutions to x + y = 1

n n n

n n
Pierre de Fermat

Richard TaylorAndrew Wiles

→
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What is algebraic geometry?

We want rational solutions to x + y = 1n n

→



What is algebraic geometry?

We want rational solutions to x + y = 1

Instead, we picture the 
real solutions to x + y = 1

n n

n n

→
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What is algebraic geometry?

We want rational solutions to x + y = 1

Instead, we picture the 
real solutions to x + y = 1

And even the complex 
solutions to x + y = 1

n n
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What is algebraic geometry?

Mordell’s Conjecture (Faltings’ 
Theorem)  If there are least two “donut 
holes” in the complex solution set, there 
can only be finitely many rational 
solutions!

This implies that each case of Fermat’s 
Last Theorem has at most finitely many 
counterexamples —but it works for all 
other similar types of problems.

Top



What is algebraic geometry?

The algebra-geometry duality 
leads to the understanding/
invention/discovery of different 
kinds of “spaces”.

manifolds

“orbifolds”

“varieties”

“tropical geometry”

“schemes”

“arithmetic geometry”complex geometry

→



What is algebraic geometry?

Caucher 
Birkar

Alessio 
Figalli

Peter 
Scholze

Akshay 
Venkatesh

→



What is algebraic geometry?

“I like crossing the imaginary boundaries people set up between 
different fields — it’s very refreshing.”

                                      - Maryam Mirzakhani (1977-2017)

→
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Algebraic Geometry:

Computations and Applications
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Varieties

A variety is the solution set of a system of polynomial equations.

Example: Quadratic curves in the plane:

a · x2 + b · xy + c · y2 + d · x + e · y + f = 0.

These curves and their intersections are varieties in R2
:

10/06/16 08:11220px-Is-circle-ellipse-s.svg.png 220×160 pixels

Page 1 of 1https://upload.wikimedia.org/wikipedia/commons/thumb/5/5a/Is-circle-ellipse-s.svg/220px-Is-circle-ellipse-s.svg.png

There are almost always four complex solutions. [Bézout 1764]

Case distinction: 0,1,2,3 or 4 real solutions.

The mixed discriminant has 3210 terms in the 12 = 6 + 6 coe�cients.
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Degree 6 Curves
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Kummer Surface

My favorite variety is this surface in 3-space:

x
4
+ y

4
+ z

4 � x
2
y
2 � x

2
z
2 � y

2
z
2 � x

2 � y
2 � z

2
+ 1 = 0

It has 16 singular points. [Ernst Eduard Kummer, 1810-1893]

Kummer surfaces have applications in cryptography.
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Convex Optimization

x2 + y 2
+ z2 � 2xyz � 1 = 0

2

4
1 x y

x 1 z

y z 1

3

5 ⌫ 0.

[Arthur Cayley, 1821-1895]
Oliver Labs: surfex.AlgebraicSurface.net

[Jiawang Nie, Kristian Ranestad, B. St: The algebraic degree of semidefinite programming, Math Progr. (2010)]

Semidefinite programming is the foundation for polynomial
optimization. This has many applications, e.g. in engineering.
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Statistics

Watching too much soccer on TV leads to hair loss?
A study asked 296 people about their hair length and how

many hours per week they watch soccer on TV. The data:

U =

0

@

full hair medium little hair

 2 hours 51 45 33

2–6 hours 28 30 29

� 6 hours 15 27 38

1

A

Is there a correlation between watching soccer and hair loss?

Extra info: The study involved 126 men and 170 women:

U =

0

@
3 9 15

4 12 20

7 21 35

1

A +

0

@
48 36 18

24 18 9

8 6 3

1

A

We cannot reject the null hypothesis:

Hair length is conditionally independent of soccer on TV given gender.
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Algebraic Statistics

Philosophy: Statistical models are varieties.

Example: Conditional independence of two ternary variables:

For a 3⇥3 data matrix (uij), one seeks to maximize the likelihood

function p
u11
11 p

u12
12 · · · pu3333 over a variety in R9

. It is defined by

det

0

@
p11 p12 p13

p21 p22 p23

p31 p32 p33

1

A = 1�
X

i , j

pij = 0.

This leads to a system of polynomial equations. It has almost

always 10 complex solutions. How many are real depends on the data.

[J. Hauenstein, J. Rodriguez, B. St: Maximum likelihood for matrices with rank constraints, J. Alg. Stat (2014)]
[J. Rodriguez, X. Tang: Data discriminants of likelihood equations, ISSAC 2015]
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Try This 3264
CONICS
IN A 
SECOND

Paul Breiding
Bernd Sturmfels

Sascha Timme

In 1848 Jakob Steiner asked
« How many conics are tangent to five conics?»

In 2019 we ask
« Which conics are tangent to your five conics?»

Curious to know the answer?
Find out at:
juliahomotopycontinuation.org/do-it-yourself/ 9 / 11



Numerical Algebraic Geometry

Using computers for algebraic geometry started in the 1970’s.

For 40 years, the emphasis was on Symbolic Computation,
often via Gröbner bases. Methods are accurate but slow.

The past decade saw an explosive

development of Numerical
Algebraic Geometry, highlighted
by software like Bertini.

This led to many

new applications.

Numerical Software is fast.

10 / 11



Past, Present and Future

11.04.19, 14(443264 and All That: A Second Course in Algebraic Geometry: Amazon.de: David Eisenbud: Fremdsprachige Bücher

Page 1 of 4https://www.amazon.de/3264-All-That-Algebraic-Geometry/dp/1107602726

Zum Hauptinhalt wechseln

Fremdsprachige Bücher Wissenschaft Mathematik

Teilen     

Möchten Sie verkaufen?

Alle 2 Bilder anzeigen

3264 and All That: A Second Course in Algebraic Geometry und über 4,5 Millionen weitere Bücher verfügbar für Amazon Kindle. Erfahren Sie mehr

3264 and All That: A Second Course
in Algebraic Geometry (Englisch)

Taschenbuch – 14. April 2016

von David Eisenbud (Autor)

   2 Kundenrezensionen auf
Amazon.com

Lesen Sie mit unserer kostenfreien App

 

Lieferung Dienstag, 16. Apr.: Bestellen Sie innerhalb 14
Stdn. und 45 Min. per AmazonGlobal Express-
Zustellung an der Kasse. Siehe Details.

11 neu ab EUR 38,70   1 gebraucht ab EUR
49,66

This book can form the basis of a second course in
algebraic geometry. As motivation, it takes concrete
questions from enumerative geometry and
intersection theory, and provides intuition and
technique, so that the student develops the ability to
solve geometric problems. The authors explain key
ideas, including rational equivalence, Chow rings,
Schubert calculus and Chern classes, and readers
will appreciate the abundant examples, many
provided as exercises with solutions available online.
Intersection is concerned with the enumeration of
solutions of systems of polynomial equations in
several variables. It has been an active area of
mathematics since the work of Leibniz. Chasles'
nineteenth-century calculation that there are 3264

› ›

Liefern nach Vereinigte Staaten von...

EUR 38,70
Alle Preisangaben inkl. deutscher USt.
Weitere Informationen.

Kostenlose Lieferung.

Auf Lager.
Verkauf und Versand durch Amazon.
Geschenkverpackung verfügbar.

Menge: 1

Auf die Liste

Andere Verkäufer auf Amazon

12 Angebote ab EUR 38,70

Bei Amazon verkaufen

 Alle 4 Formate und Ausgaben anzeigen

Kindle 
EUR 22,49

Taschenbuch 
EUR 38,70

Mehr lesen

Kunden, die diesen Artikel gekauft haben, kauften auch

Enumerative
Combinatorics (Cambridge
Studies in Advanced…

 1
Taschenbuch

EUR 52,44 

D-Modules, Perverse
Sheaves, and
Representation Theory
(Progress in…
Ryoshi Hotta
Gebundene Ausgabe

EUR 88,75

The Arithmetic of Elliptic
Curves (Graduate Texts in
Mathematics, Band 106)

Gebundene Ausgabe

EUR 25,57

Cohomology Operations
and Applications in
Homotopy Theory (Dover
Books on Mathematics)

Taschenbuch

EUR 13,50 

Twenty-Four Hours of
Local Cohomology
Srikanth B Iyengar
Taschenbuch

EUR 27,00
Richard P. Stanley› Joseph H. Silverman›

Robert E. Mosher›

In den Einkaufswagen

Jetzt kaufen

Fremdsprachige BücherFremdsprachige Bücher Erweiterte Suche Bestseller Neuheiten & Vorbesteller Angebote Englische Bücher Französische Bücher Spanische Bücher

Mein Amazon.de

Frühlings-Angebote-Woche

Gutscheine Verkaufen

Hilfe

Liefern nach
Vereinigte Staate...Vereinigte Staate...

 

 

DE Hallo! Anmelden
Mein KontoMein Konto

Entdecken Sie
PrimePrime

Meine
ListenListen

Einkaufs-
wagenwagen

00Alle
KategorienKategorien

Prime entdeckenPrime entdecken Bücher (Fremdsprachig)

Bilder (2)

3264 = 32 · (1 + 5 · 2 + 10 · 4 + 10 · 4 + 5 · 2 + 1)
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