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February	12:	Machine	Learning		
for	Materials	Science*	

	

March	12:		Mathema:cs	of	Privacy*	
	

April	9:	Mathema:cs	of	Gravita:onal	
Waves*	

	

May	14:		Algebraic	Geometry*	
	

June	11:	Mathema:cs	of	Transporta:on*	
	

July	9:	Cryptography	&	Cybersecurity*	
	

August	13:		Machine	Learning	in	
Medicine*	

	

September	10:	Logic	and	Founda:ons*	
	

	
	
	

October	8:	Mathema:cs	of	Quantum	
Physics	

	

November	12:	Quantum	Encryp:on	
	

December	10:	Machine	Learning	for	Text	
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2019 Monthly Webinar Series, 2-3pm ET 
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Made	possible	by	support	for	BMSA	from	the		

Na#onal	Science	Founda#on		
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Advanced	Scien#fic	Compu#ng	Research	
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Xiaosong	Li,		
University	of	Washington	

							Mark	Green,		
							UCLA	(moderator)	
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Harvard	University	



View	webinar	videos	and	learn	more	about	BMSA	at	www.nas.edu/MathFron:ers		

MATHEMATICAL FRONTIERS 
Mathematics of  Quantum Physics 
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AbboK	and	James	Lawrence	Professor	
of	Chemistry	and	Professor	of	Physics	

Quantum	Physics	and	
MathemaTcs	

Rick	Heller,		
Harvard	University	
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Wave	theory	

•  We	should	not	forget	that	quantum	theory	is	
“just”	another	wave	theory.		

•  Much	of	classical	wave	physics	(sound,	water,	
earthquake,…)	applies	to	quantum	waves,	but	
the	classical	waves	came	much	earlier	
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Quantum	Physics	in	many	dimensions	
has	been	a	wellspring	of	mathemaIcs	

•  quantum	entanglement,	entropy	
•  decoherence,		
•  quantum	informaIon	theory,		
•  quantum	compuIng,	
•  quantum	chaos	theory	and	semiclassical	theory	
•  string	theory	
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All	these	aspects	and	many	more	are	a	wellspring	
of	new	mathemaIcs	
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String	theory	

•  String	strives	to	be	the	ulImate	quantum	
theory.	

•  Robbert	Dijkgraaf	writes:	“The	number	of	
[mathemaIcal]	disciplines	that	it	[string	
theory]	touches	is	dizzying:	analysis,	
geometry,	algebra,	topology,	representaIon	
theory,	combinatorics,	probability	—	the	list	
goes	on	and	on.”	
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Example-Green	funcIon	

•  The	Dirac	delta	funcIon,	with	antecedents	from	
the	work	of	Cauchy,	Poisson,	Kirchhoff,	Green,	
Helmholtz,	Kelvin	

•  Feynman	path	integral	
•  StaIonary	phase	evaluaIon	(Stokes,	Kelvin)	of	
the	path	integral	leads	to	the	(semi)-classical	limit	
and	a	window	on	our	reality	

•  The	Feynman	path	integral	is	darn	close	to	
Huygen’s	principle	and	Kirchhoff	diffracIon	
theory	
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Feynman	path	integral	
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StaIonary	phase	on	the	Feynman	path	
integral	–	the	classical	paths	emerge	
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Quantum	Chaos	

•  Suppose	the	classical	path	is	(determinisIcally)	
chaoIc.	Does	the	staIonary	phase	sIll	work?	

•  This	leads	to		
– Van	Vleck-Morege-Gutzwiller	semiclassical	
propagator	

– Selberg	trace	formula	
– Gutzwiller	trace	formula	
– Deep	connecIons	between	quantum	chaos,	random	
matrices,	and	distribuIon	of	prime	numbers	
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Quantum	Chaos	

•  Understanding	the	connecIons	between	
classical	chaos	theory	and	quantum	physics	
leads	to	beauIful	and	very	deep	mathemaIcs,	
including	number	theory	and	the	complex	
zeros	of	the	Riemann	zeta	funcIon,		
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Scar	Theory	

•  It	came	as	a	surprise	(1984)	that	some	quantum	
eigenfuncIons	of	ergodic	classical	systems	are	not	ergodic	
and	scarred	(high	probability)	along	closed	geodesics	–	
periodic	orbits.		This	is	sIll	under	invesIgaIon.	
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Discover	and	theory	of	scars	

•  Scars	were	discovered	graphically,	by	plojng	
eigenfuncIons.		This	was	done	with	a	
computer	program	implemenIng	a	new	
mathemaIcal	approach	to	finding	them.	

•  Then,	the	theory	of	why	they	appear	was	
given,	using	asymptoIc	semiclassical	
arguments	for	Ime	domain	quantum	
mechanics	and	its	Fourier	transform.	
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Many	body	

•  Another	realm,	many	body	physics,		is	truly	
intractable;	models	of	the	real	thing	must	be	
used.	They	are	beger	than	the	exact	answer	
anyway,	because	we	get	an	intuiIve	grasp.		

•  The	search	for	“emergent	phenomena”	in	
many	body	models	is	mathemaIcal;	pure	or	
computaIonal.	
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More	Feynman	quotes	

•  “If	all	mathemaIcs	disappeared	today,	physics	
would	be	set	back	exactly	one	week,”	

•  To	which	a	mathemaIcian	replied															
“True	–	if	you	mean	the	week	that	God	
created	the	Universe!”	

•  “Shut	up	and	calculate”	(agributed	to	
Feynman,	but	David	Mermin	claims	it).	
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The	mathemaIcal	challenges	

•  All	but	the	simplest	quantum	systems	are	far	too	
difficult	to	understand	exactly.		

•  The	super-challenges	facing	quantum	physics	
are	explaining	emergent	phenomena,	like	
superconducIvity,	an	unexpected		many	body	
effect.	
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MATHEMATICAL FRONTIERS 
Mathematics of  Quantum Physics 
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Harry	and	Catherine	Jaynne	Boand	
Endowed	Professor	of	Chemistry	

	
co-Associate	Chair	for	Graduate	Educa:on	

Electron’s	Dance	
Xiaosong	Li,		

University	of	Washington	
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What do Electrons Look Like in Molecules? 

Quantum Physics 

 – from math to electron wave functions 

Ĥ = E 
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What do Electrons Look Like in Molecules? 

Quantum Physics 

 – from atoms to molecules 

�
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What do Electrons Look Like in Molecules? 

Time-Dependent Quantum Physics  

 – from quantum physics to spectroscopy 
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From Quantum Physics to Spectroscopy	
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Electron	Dynamics	and	Spectroscopy	

µ(t) = h (x, t)|x̂| (x, t)i ! µ(!)
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From Time-Dependent Quantum Theory to 
Spectroscopy 
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Photophysics of Superposition State	
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<latexit sha1_base64="9driiX0Ew9XUCpKSz2L1jxc4UaY=">AAACJHicbVDLSsNAFJ3UV62vqks3wSJUkJJUQUEE0Y3LCtYWmlJuppN26OTBzI1YQj7Gjb/ixoUPXLjxW5y2QbT1wMDhnHu5c44bCa7Qsj6N3Nz8wuJSfrmwsrq2vlHc3LpVYSwpq9NQhLLpgmKCB6yOHAVrRpKB7wrWcAeXI79xx6TiYXCDw4i1fegF3OMUUEud4il3+i5Ix5NAEycCiRyEEylevj/A/fRHMjE9c/qAyVX643aKJatijWHOEjsjJZKh1im+Od2Qxj4LkApQqmVbEbaT0QUqWFpwYsUioAPosZamAfhMtZNxyNTc00rX9EKpX4DmWP29kYCv1NB39aQP2FfT3kj8z2vF6J20Ex5EMbKATg55sU4cmqPGzC6XjKIYagJUcv1Xk/ZB94W614IuwZ6OPEtuqxX7sFK9PiqdX2R15MkO2SVlYpNjck6uSI3UCSUP5Im8kFfj0Xg23o2PyWjOyHa2yR8YX98RfKWl</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>
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Mixed Quantum-Classical Mechanics 

i~@ (x, t)
@t

= Ĥ (x, t)
<latexit sha1_base64="9driiX0Ew9XUCpKSz2L1jxc4UaY=">AAACJHicbVDLSsNAFJ3UV62vqks3wSJUkJJUQUEE0Y3LCtYWmlJuppN26OTBzI1YQj7Gjb/ixoUPXLjxW5y2QbT1wMDhnHu5c44bCa7Qsj6N3Nz8wuJSfrmwsrq2vlHc3LpVYSwpq9NQhLLpgmKCB6yOHAVrRpKB7wrWcAeXI79xx6TiYXCDw4i1fegF3OMUUEud4il3+i5Ix5NAEycCiRyEEylevj/A/fRHMjE9c/qAyVX643aKJatijWHOEjsjJZKh1im+Od2Qxj4LkApQqmVbEbaT0QUqWFpwYsUioAPosZamAfhMtZNxyNTc00rX9EKpX4DmWP29kYCv1NB39aQP2FfT3kj8z2vF6J20Ex5EMbKATg55sU4cmqPGzC6XjKIYagJUcv1Xk/ZB94W614IuwZ6OPEtuqxX7sFK9PiqdX2R15MkO2SVlYpNjck6uSI3UCSUP5Im8kFfj0Xg23o2PyWjOyHa2yR8YX98RfKWl</latexit>

Ĥ = ĤQM + V̂eff
<latexit sha1_base64="W+xWsv2jZQHGe4sMODZ5JeGV/eo=">AAACC3icbVDLSgMxFM34rPU16tJNaBEEocxUQTdC0U03Qgv2Ae1QMumdNjTzIMkIZZi9G3/FjQtF3PoD7vwb0+kstPVAyLnn3EtyjxtxJpVlfRsrq2vrG5uFreL2zu7evnlw2JZhLCi0aMhD0XWJBM4CaCmmOHQjAcR3OXTcye3M7zyAkCwM7tU0Ascno4B5jBKlpYFZ6o+JSurpdX4PkuZdepYVbV2A56UDs2xVrAx4mdg5KaMcjYH51R+GNPYhUJQTKXu2FSknIUIxyiEt9mMJEaETMoKepgHxQTpJtkuKT7QyxF4o9AkUztTfEwnxpZz6ru70iRrLRW8m/uf1YuVdOQkLolhBQOcPeTHHKsSzYPCQCaCKTzUhVDD9V0zHRBCqdHxFHYK9uPIyaVcr9nml2rwo127yOAroGJXQKbLRJaqhOmqgFqLoET2jV/RmPBkvxrvxMW9dMfKZI/QHxucPwNabgQ==</latexit>
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Photophysics of Chirality 

�2
X

j 6=n

!

!2
jn � !2

Im (h n|r� | jih j |m↵| ni)
<latexit sha1_base64="0vJwQAyedTY1uru/nDUJuaPQJKo="></latexit>
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Spin-Physics 
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Xiaosong	Li,		
University	of	Washington	

							Mark	Green,		
							UCLA	(moderator)	

MATHEMATICAL FRONTIERS 
Mathematics of  Quantum Physics 
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Rick	Heller,		
Harvard	University	
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February	12:	Machine	Learning		
for	Materials	Science*	

	

March	12:		Mathema:cs	of	Privacy*	
	

April	9:	Mathema:cs	of	Gravita:onal	
Waves*	

	

May	14:		Algebraic	Geometry*	
	

June	11:	Mathema:cs	of	Transporta:on*	
	

July	9:	Cryptography	&	Cybersecurity*	
	

August	13:		Machine	Learning	in	
Medicine*	

	

September	10:	Logic	and	Founda:ons*	
	

	
	
	

October	8:	Mathema:cs	of	Quantum	
Physics	

	

November	12:	Quantum	Encryp:on	
	

December	10:	Machine	Learning	for	Text	

MATHEMATICAL FRONTIERS 
2019 Monthly Webinar Series, 2-3pm ET 
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Made	possible	by	support	for	BMSA	from	the		

Na#onal	Science	Founda#on		
Division	of	Mathema#cal	Sciences		

and	the		
Department	of	Energy		

Advanced	Scien#fic	Compu#ng	Research	
	

*	Webinar	posted	


