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multidisciplinary engineering systems. Verification activities are primarily performed early
in the development cycle of a CFD code. However,
these activities do need to be confirmed when the

3. Verification Assessment code is subsequently modified or enhanced.
Although the required accuracy of the numerical

Verification is the process of determining that a solutions obtained during verification activities
model implementation accurately represents the depends on the problem and the intended uses of
developer’s conceptual description of the model and the code, the accuracy requirements in verification
the solution to the model. The fundamental strategy activities are generally more stringent than the
of verification is the identification and quantification accuracy requirements in validation activities. The
of error in the computational model and its solution. guidelines presented in this section apply to finite
As shown in Fig. 2, this process primarily relies on difference, finite volume, and finite element
comparing the computational solution to the correct procedures. Procedures for other numerical
answer, which is provided by what we call “highly approaches, such as vortex methods, lattice gas
accurate solutions.” methods, and Monte Carlo methods are not

addressed. In addition, these guidelines emphasize
verification procedures for steady flows, as opposed
to unsteady flows, because steady flows are, in

VERIFICATION
TEST

=
Comparison and

 Test of Agreement

COMPUTATIONAL
SOLUTION

COMPUTATIONAL
MODEL

CONCEPTUAL
MODEL

CORRECT ANSWER
PROVIDED BY HIGHLY

ACCURATE SOLUTIONS

• Analytical Solutions

• Benchmark Ordinary
     Differential Equation
     Solutions

• Benchmark Partial
     Differential Equation
     Solutions

general, better understood.

3.1 Grid and Time-Step Convergence

The most important activity in verification testing
is systematically refining the grid size and time step.
The objective of this activity is to estimate the
discretization error of the numerical solution. As the
grid size and time step approach zero, the
discretization error should asymptotically approach
zero, excluding computer round-off errors. This
relationship occurs because the defining
characteristic in this asymptotic region is that the

Figure 2 order of accuracy of the discretized equations being
Verification Process solved is constant as the grid and time step are

reduced. When the asymptotic region has been
There are four predominant sources of error in demonstrated, Richardson’s extrapolation can be

CFD simulations: insufficient spatial discretization used to estimate zero-grid spacing and time step
convergence, insufficient temporal discretization [22, 23, 41-44]. At this point, the numerical scheme
convergence, lack of iterative convergence, and is said to be both grid and time-step convergent.
computer programming. Section 3 contains Because this definition of convergence typically
procedures for identifying and estimating errors that demands a large amount of computer resources, it is
may derive from these various sources and also a usually applied on simplified or model problems. The
discussion about highly accurate solutions that can more common, but not rigorous, meaning of
be used in measuring the accuracy of the convergence is that little change in important
computational solution. The procedures for dependent variables can be observed during grid
estimating spatial ( i.e., grid) and temporal and time-step refinement. It should also be noted
convergence are similar and are presented together. that grid and time-step refinement often exposes
Procedures for estimating iterative convergence boundary condition discretization errors and
include techniques for consistency checks on the programming errors.
solution. Programming errors are not addressed per
se, but are referred to in the discussion about highly Generally, second-order accurate difference
accurate solutions. An extensive description of schemes as a minimum should be employed in any
verification methodology and procedures is given in computational procedure. Neumann-type boundary
Ref. [40]. conditions should be discretized to the same order
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Taylor-Maccoll solution for inviscid flow over a sharp errors. The estimate of the magnitude of these errors
cone, and the stagnation-region flow in two (i.e, experimental uncertainty) must be included in
dimensions and three dimensions [51-53, 56]. the comparison with the computational simulations.

Benchmark PDE solutions are also very accurate

COMPUTATIONAL
MODEL

=
VALIDATION

TEST

EXPERIMENTAL
DATA

• Unit
  Problems

• Benchmark
  Cases

• Subsystem
  Cases

• Complete
  SystemComparison and

 Test of Agreement

COMPUTATIONAL
SOLUTION

CONCEPTUAL
MODEL

REAL
WORLD

numerical solutions to special cases of either the
PDEs or the boundary conditions. Examples of
various benchmark PDE solutions are the following:
incompressible laminar flow over a semi-infinite flat
plate [60-62], incompressible laminar flow over a
parabolic plate [63-65], incompressible laminar flow
in a square cavity driven by a moving wall [66-73],
laminar natural convection in a square cavity [74, 75],
incompressible laminar flow over an infinite-length
circular cylinder [76-79], and incompressible laminar
flow over a backward-facing step, with and without
heat transfer [80-84]. (Note that we have not
attempted to list all of the high-quality solutions of
these flow fields, but only representative solutions.)

As one moves from ODE solutions to PDE
solutions, the accuracy of the benchmark solutions
clearly becomes more of an issue. Indeed, the
literature has examples of flow field calculations that Figure 3
are considered to be of high accuracy by the author, Validation Process
but later are found to be lacking. This guide
recommends that no published solution be During validation assessment activities, there areconsidered as a benchmark solution until it has been several practical issues that should be considered:calculated very carefully by independent
investigators, preferably using different numerical 1 The number of validation test cases and theapproaches. accuracy level required for each test case are

highly application-dependent. It is not possible to
define a single set of criteria for all applications.4. Validation Assessment

2 Very high accuracy in engineering calculations,Validation is the process of determining the while desirable, is not essential since most designdegree to which a model is an accurate changes are incremental over a baseline. As longrepresentation of the real world from the perspective as the trends predicted by the tools are consistentof the intended uses of the model. The fundamental within the design envelope and an estimate of thestrategy of validation is the identification and error and uncertainty can be made, less-than-quantification of error and uncertainty in the perfect accuracy of the simulation is commonlyconceptual and computational models. Since the acceptable.primary role of CFD in engineering is to serve as a
high-fidelity tool for design and analysis, it is 3 The validation process must be realisticallyessential to develop a systematic, rational, and achievable within an engineering environment,affordable code validation process that is applicable where there may be significant pressure to apply ato a wide variety of engineering applications. The code and produce results before validation isprocess recommended in this guide is depicted in complete. The engineering environment requiresFig. 3. The method of measuring the accuracy of the

computational robustness over a range of physicalrepresentation of the real world is achieved by
and numerical parameters.systematically comparing CFD simulations with

experimental data. This does not imply that all
Thus the validation process must be flexible, mustexperimental data has high accuracy. All

experimental data contain bias errors and random allow for varying levels of accuracy, and must be
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tolerant of incremental improvements as time and

UNIT PROBLEMS
• Simple Geometry Hardware Fabricated
• One Element of Complex Flow Physics
• One Relevant Flow Feature
• Low Experimental Uncertainty
• All Initial Conditions and
   Boundary Conditions Measured

COMPLETE SYSTEM

• Limited Experimental Data
• Most Initial Conditions and
   Boundary Conditions Unknown

• Actual System Hardware
• Complete Flow Physics
• All Relevant Flow Features

BENCHMARK CASES

SUBSYSTEM CASES
• Subsystem or Component Hardware
• Moderately Complex Flow Physics
• Multiple Relevant Flow Features
• Large Experimental Uncertainty
• Some Initial Conditions and
   Boundary Conditions Measured

• Special Hardware Fabricated
• Two Elements of Complex Flow Physics
• Two Relevant Flow Features
• Moderate Experimental Uncertainty
• Most Initial Conditions and
   Boundary Conditions Measured

funding permit.

4.1 Validation Phases

Several validation methods have been
suggested, but most of these are tentative or have
not been developed in depth. The recommended
method is to employ a building-block approach [85-
89], as shown in Fig 4. This approach divides the
complex engineering system of interest into three
progressively simpler phases: subsystem cases,
benchmark cases, and unit problems. The strategy in
this approach is the assessment of how accurately
the computational results compare with experimental
data (with quantified uncertainty estimates) at
multiple levels of complexity.

Complete System

Subsystem Cases

Benchmark Cases

Unit Problems Figure 5
Characteristics of Validation Phases

Subsystem cases represent the firstFigure 4 decomposition of the actual hardware into simplifiedValidation Phases [88] or partial flow paths. Each of these cases commonly
exhibits restricted geometric or flow features

Each phase of the process represents a compared to the complete system. The flow physics
different level of flow physics coupling and of the complete system may be reasonably well
geometrical complexity (see Fig. 5). The complete represented by these subsystem cases, but the
system consists of the actual hardware or system for level coupling between flow phenomena is typically
which a validated CFD tool is needed. Thus, by reduced. The quality and quantity of the test data are
definition, all the geometric and flow physics effects usually significantly better than the complete system.
occur simultaneously; commonly, the complete
system includes multidisciplinary physical Benchmark cases represent another level ofphenomena. Data are measured on the engineering successive decomposition of the complete system.hardware under realistic operating conditions. These For these cases, separate hardware is fabricated tomeasurements, however, are very limited. Exact test

represent key features of each subsystem. Theconditions, e.g., initial conditions and boundary
benchmark cases are geometrically simpler thanconditions, are hard to quantify, and the data
those at the subsystem level, and only two separategenerally have a fairly high degree of uncertainty.
features of the flow physics and two flow features are
commonly coupled in the benchmark cases.
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Vertex Legend
Anomalous Path Vertices
Anomalous Cat Vertices
Detected Vertices
Other Vertices

TL915P0>! .?T575P0>!?=Q.>!
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%.75ZP0@=4!801I1!
1/6#'<#=$>9,8/%'
•  +=kM07.!YH0>589!#11H704P.!

T70P@P.1!
•  $.R7.115=4!8.181!!
•  K=?T0751=4!8=!L5RL!aH0>589,!

040>9@P!1=>H@=41!V.)R)!
?04HN0P8H7.Q!1=>H@=41W!

•  K=6.70R.l!
•  #>R=758L?!PL.PI1!n!&1!

P=46.7R.4P.!708.!01!./T.P8.Ql!

G/+;8/%'<#=$>9,8/%'
•  #11.1154Rj.1@?0@4R!1=>H@=4!

.77=7!
•  K=46.7R.4P.!18HQ5.1!
•  #"$%&'()*%)*"n!01!8L.!P0>PH>0@=41!

07.!A.54R!P0775.Q!=H8!
•  ;=0>!=75.48.Q!n!M58L!N=PH1!=4!

Y<&,!RH5Q54R!P0>PH>0@=41!



#PPH70P9!=N!Y<&!P04!A.!H1.Q!8=!Q756.!0Q0T@6.!
?.1L!7.Z4.?.48!N=7!1=>H@=4!6.75ZP0@=4!

•  ;=0>!51!0PPH70P9!7.R07Q54R!8L.!Y<&[!T.0I!
0A>0@=4!708.!

•  $.Z4.!?.1L!8=!?545?5c.!.77=7!54!Y<&!
ML5>.!0>1=!?545?5c54R!P=?TH80@=40>!.]=78!

•  31.!8L.!0Qo=548!8=!.1@?08.!8L.!5?T0P8!=N!
p=M708.!.77=7!=4!8L.!Y<&!

p=MZ.>Q!.77=7!
1.415@6589!=N!p=MZ.>Q!
.77=7!8=!.77=7!54!Y<&!

?=18!.].P@6.!
7.R5=41!8=!7.Z4.!

q! r!



D015P!D0>>!*7=T!B/0?T>.!
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(d) posterior uncertainty

D0>>!*7=T,!M58L!B?H>08=7!
d2h

dt2
= g B?H>0@4R!8L.!P=?TH8.7!?=Q.>!7.1T=41.!



CFD: Euler/
Navier-Stokes Linearized 

Panel Code Classical 
Aerodynamics 

B?H>08=71!04Q!$.QHP.Q!"=Q.>1!

•  U=>94=?50>!PL0=1!
7.T7.1.480@=41!
–  B^P5.48>9!7.T7.1.481!=H8TH8!
H4P.7805489!R56.4!1T.P5Z.Q!
54TH8!H4P.7805489)!

–  K04!0>1=!.?H>08.!?=Q.>!
7.1T=41.)!

–  "0I.1!H1.!=N!NH4P@=40>!
040>9151!8L.=79)!

•  $.QHP.Q,!=7!>=M!ZQ.>589!
?=Q.>1!
–  K0T8H7.!4.P.11079!N.08H7.1!N=7!
0TT>5P0@=4)!

–  *51P07Q!H44.P.11079!
P=?T>./589)!

;=0>!51!N018.7!?=Q.>!.60>H0@=41!N=7!1.415@6589!040>9151,!
N=7M07Q!T7=T0R0@=4,!04Q!T070?.8.7!.1@?0@=4)!
!

:9Q7=>=R5P0>!?=Q.>54R!

η(t, x, Z) ≈
N�

|k|=0

η̂k(t, x)Φk(Z), # of bases =

�
nz +N

nz

�

η̂k = E[η(Z)Φk(Z)] =

�
η(Z)Φk(Z)ρ(Z)dZ, 0 ≤ |k| ≤ N



&UKK!15?H>0@=4!

semq!0QQ5@=40>!P=?TH80@=40>!.]=78!N=7!
.0PL!Q=HA>54R!=N!7.1=>H@=4!

e)m=qe)m=!R75Q!

D75QR54R!$.1=>H@=41!2!"=Q.>!
K=?A540@=4!!

m)e=qm)e=!R75Q!

"08.750>!T7=T.7@.1!

'
\A
=Q

9!
P=
1?

=>
=R
5P
0>
!N=

7P
.!
15
?
H>
0@

=4
1!

16 

CFD: Euler/
Navier-Stokes 

Linearized 
Panel Code Classical 

Aerodynamics 

+87=4R>9!.QQ954R!15?H>0@=4!



U=8.4@0>!$.1.07PL!*57.P@=41!N=7!B?H>0@=4,!
$.QHP.Q!"=Q.>1!2!E=7M07Q!U7=T0R0@=4!

•  #TT7=0PL.1!N=7!Q.0>54R!M58L!L5RL\Q5?.415=40>!1T0P.1!=N!H4P.78054!
54TH81)!
–  31.!T7=P.11!I4=M>.QR.!8=!L.>T!P=H48.7!8L.!PH71.!=N!Q5?.415=40>589)!

•  UL.4=?.40!0M07.!.?H>0@=4!
–  "0I.!H1.!=N!0Qo=548!04Qj=7!Q.7560@6.!54N=7?0@=4)!
–  "0I.!H1.!=N!=8L.7!_5487H156.`!3Y!?.8L=Q1)!
–  31.!I4=M>.QR.!=N!1918.?!8=!?=Q.>!Q51P=4@4H5@.1!04Q!7.T7.1.48!

H4P.7805489)!
•  B?H>0@=4,!1.415@6589!040>9151,!04Q!H4P.7805489!T7=T0R0@=4!0P7=11!

L5.707PL5.1!=N!?=Q.>1)!
–  "H>@T>.!ZQ.>5@.1,!?=Q.>!L5.707PL5.1,!?H>@T>.!7.1=>H@=41)!

•  B^P5.48!./T>=580@=4!=N!?=Q.74!04Q!NH8H7.!?01156.>9!T070>>.>!
07PL58.P8H7.1)!
–  $.8L54I!8L.!Q.6.>=T?.48!=N!P=?TH80@=40>!?=Q.>1!M58L!3Y!54!?54Q!
–  K=\Q.6.>=T!3Y!?.8L=Q1!04Q!P=?TH80@=40>!?=Q.>1!M58L!P=?TH@4R!

07PL58.P8H7.!54!?54Q)!



D0>>!*7=T!M58L!#57!$.151804P.!
!"#$%&'()*&'*+,-./'-01$$"23'4)%%*'501#'

)'+16&0'
•  7)2'3&+'8&%-'-)+)'501#'+1**"23'

149&(+*'1:'15';110*'<=>?'

•  @)A&'(1#$,+)B12)%'#1-&%'
6C"(C'$0&-"(+*'-01$'B#&*'
3"A&2'4)%%'0)-",*D'-&2*"+.D')2-'
;110?'

•  71#$,+)B12)%'#1-&%'C)*'
$)0)#&+&0'510')"0'50"(B12'6C"(C'
-&$&2-*'12'(01**'*&(B12D'
-&2*"+.')2-'A&%1("+.?'

•  @)A&'4)*&4)%%D'4)*E&+4)%%D'31%5'
4)%%D'+&22"*D'%"3C+'F'C&)A.'
416%"23'4)%%*?'

•  G)2+'+1'$0&-"(+'*1H4)%%'-01$'
B#&'501#'<I+C';110'J<II#K?'

•  L%*1'6)2+'+1',2-&0*+)2-'+C&'
A)%,&'15'A)0"1,*'+.$&*'15'
$1+&2B)%'&M$&0"#&2+*'F'
*"#,%)B12*'510'+C&'*1H4)%%'
$0&-"(B12')+'<II#?'

!%"-&'<'

0)-",*'

-&
2*
"+
.'

$C.*"(*'-&*"32'*$)(&'

31%5'

4)*&4)%%'

+&22"*'

*1H4)%%'

4)*E&+4)%%'

%"3C+'416%"23'

416%"23' d2h

dt2
= g − CD

2

3ρair
4Rballρball

�
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dt
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-&2*"+.')2-'A&%1("+.?'

•  @)A&'4)*&4)%%D'4)*E&+4)%%D'31%5'
4)%%D'+&22"*D'%"3C+'F'C&)A.'
416%"23'4)%%*?'

•  G)2+'+1'$0&-"(+'*1H4)%%'-01$'
B#&'501#'<I+C';110'J<II#K?'
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tolerant of incremental improvements as time and

UNIT PROBLEMS
• Simple Geometry Hardware Fabricated
• One Element of Complex Flow Physics
• One Relevant Flow Feature
• Low Experimental Uncertainty
• All Initial Conditions and
   Boundary Conditions Measured

COMPLETE SYSTEM

• Limited Experimental Data
• Most Initial Conditions and
   Boundary Conditions Unknown

• Actual System Hardware
• Complete Flow Physics
• All Relevant Flow Features

BENCHMARK CASES

SUBSYSTEM CASES
• Subsystem or Component Hardware
• Moderately Complex Flow Physics
• Multiple Relevant Flow Features
• Large Experimental Uncertainty
• Some Initial Conditions and
   Boundary Conditions Measured

• Special Hardware Fabricated
• Two Elements of Complex Flow Physics
• Two Relevant Flow Features
• Moderate Experimental Uncertainty
• Most Initial Conditions and
   Boundary Conditions Measured

funding permit.

4.1 Validation Phases

Several validation methods have been
suggested, but most of these are tentative or have
not been developed in depth. The recommended
method is to employ a building-block approach [85-
89], as shown in Fig 4. This approach divides the
complex engineering system of interest into three
progressively simpler phases: subsystem cases,
benchmark cases, and unit problems. The strategy in
this approach is the assessment of how accurately
the computational results compare with experimental
data (with quantified uncertainty estimates) at
multiple levels of complexity.

Complete System

Subsystem Cases

Benchmark Cases

Unit Problems Figure 5
Characteristics of Validation Phases

Subsystem cases represent the firstFigure 4 decomposition of the actual hardware into simplifiedValidation Phases [88] or partial flow paths. Each of these cases commonly
exhibits restricted geometric or flow features

Each phase of the process represents a compared to the complete system. The flow physics
different level of flow physics coupling and of the complete system may be reasonably well
geometrical complexity (see Fig. 5). The complete represented by these subsystem cases, but the
system consists of the actual hardware or system for level coupling between flow phenomena is typically
which a validated CFD tool is needed. Thus, by reduced. The quality and quantity of the test data are
definition, all the geometric and flow physics effects usually significantly better than the complete system.
occur simultaneously; commonly, the complete
system includes multidisciplinary physical Benchmark cases represent another level ofphenomena. Data are measured on the engineering successive decomposition of the complete system.hardware under realistic operating conditions. These For these cases, separate hardware is fabricated tomeasurements, however, are very limited. Exact test

represent key features of each subsystem. Theconditions, e.g., initial conditions and boundary
benchmark cases are geometrically simpler thanconditions, are hard to quantify, and the data
those at the subsystem level, and only two separategenerally have a fairly high degree of uncertainty.
features of the flow physics and two flow features are
commonly coupled in the benchmark cases.
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Illustration with global seismic inversion

Samples from posterior distribution

James Martin Large scale statistical inversion October 12, 2011 21 / 24

Exchange traditional computational models 
for VVUQ friendly implementations 
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Key Ideas for large-scale statistical inversion Matrix-free Hessian expressions

Key Idea 5: Matrix-free Hessian expressions

H = Γ−1/2
pr

�
V rΛrV

T
r + I

�
Γ−1/2

pr

Γpost = Γpr − Γ1/2
pr V rDrV

T
r Γ

1/2
pr

H
−1

g = Γ1/2
pr

�
V r

�
(Λr + Ir)

−1 − Ir

�
V

T
r + I

�
Γ1/2

pr g (Newton step)

Γ1/2
postx = Γ1/2

pr
�
V r

�
(Λr + Ir)

−1/2 − Ir

�
V

T
r + I

�
x (drawing a sample)

Varpost(xi) = Varpr(xi)−
r�

j=1

dj([Γ
1/2
pr vj ]i)

2 (Pointwise variance field)

Complexity of these operations is scalable (i.e. requires a number of forward PDE
solves that is independent of the parameter dimension) when:

• prior-preconditioned data misfit Hessian is compact with mesh-independent
dominant spectrum (ill-posed inverse problem)

• dominant spectrum is captured in a number of matvecs that is a constant
multiple of number of dominant eigenvalues (e.g. by Lanczos or randomized
truncated SVD)

• Hessian-vector products carried out matrix-free using adjoint methods
James Martin Large scale statistical inversion October 12, 2011 15 / 24
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